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We show that the problem of describing the conformations of a semiflexible polymer confined
to a channel can be mapped onto an exactly solvable model in the so-called extended de Gennes
regime. This regime (where the polymer is neither weakly nor strongly confined) has recently
been studied intensively experimentally and by means of computer simulations. The exact solution
predicts precisely how the conformational fluctuations depend upon the channel width and upon
the microscopic parameters characterising the physical properties of the polymer.
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The conformations of a polymer change substantially
when it is confined to a channel that is significantly
smaller than its unconfined radius of gyration, because
it must extend strongly in the channel direction. How
this extension depends on the channel width D and on
the physical properties of the polymer (its Kuhn length
`K, effective width w, and contour length L) is a ques-
tion with a very long history. In recent years there has
been a surge of interest in this question, stimulated by
the possibility of using nanochannels as a tool to study
and manipulate DNA molecules [1–7], see Ref. [8] for a
review. Corresponding model systems (worm-like chains
with short-range repulsive interactions) have been inten-
sively studied by computer simulations [6, 9–13].
At present our understanding of this question relies
upon computer simulations and mean-field arguments
[6, 9–11, 13–17]. For large channel widths and very long
polymers the statistical properties of the polymer confor-
mations are commonly analysed by dividing the confined
polymer globule into a series of smaller spherical blobs
of size D. One assumes that Flory’s mean-field scaling
results holds for each blob (that its extension is propor-
tional to L
3/5
blob where Lblob is the length of the polymer
in the blob), and concludes that the extension of the con-
fined polymer globule is proportional to D−2/3 [14]. This
regime is known as the ‘de Gennes regime’.
Closely related mean-field arguments were invoked
to describe conformational fluctuations of nano-confined
DNA in the ‘extended de Gennes regime’. This regime
is characterised by `K  D  `2K/w for a self-avoiding
worm-like chain of width w. Based on a Flory-type mean-
field argument one estimates that the extension scales as
∝ D−2/3 [9, 11, 13, 17]. But we know that at least for
the unconfined polymer Flory’s mean field theory is not
exact. That the Flory exponent ν = 3/5 is close to the
exact exponent 0.588 [18–20] is the result of the cancel-
lation of two errors, see Ref. [21] for a review of this
well-known fact.
In this Letter we show that the problem of describing
the conformations of a confined worm-like chain in the
extended de Gennes regime can be mapped onto a one-
dimensional model that has been rigorously analysed by
means of large-deviation theory [22]. This is important
since a large number of recent experiments and computer
simulations determining the conformational fluctuations
of long confined DNA pertain to this regime.
Our mapping makes it possible to determine ex-
actly how the conformational fluctuations depend upon
the channel width and upon the microscopic parame-
ters characterising the physical properties of the poly-
mer. The mapping translates the asymptotic results of
Ref. [22] into a precise picture for the conformations of
long polymers in the extended de Gennes regime, ob-
tained as an ‘optimal path’ in the limit of large values of
L. This permits us, first, to compute the distributions
of the end-to-end distance of the polymer and of its ex-
tension. The distributions are non-Gaussian and asym-
metric, in excellent agreement with Monte-Carlo simula-
tions of a self-avoiding confined polymer. Computation
of the low-order moments shows that mean-field approxi-
mations [9, 13, 17] give the exact scaling for the extension
(unlike Flory theory for an unconfined polymer globule).
Second, the one-dimensional random-walk model exhibits
a universal scaling relation. For the polymer in the ex-
tended de Gennes regime this implies that any results
derived for one set of parameters (e.g. by simulations)
can be directly translated to any other set of parame-
ters within the extended de Gennes regime. Third, the
mapping makes it possible to compute how the confor-
mational fluctuations in the bulk differ from those at
the right or left end of a polymer globule in a channel.
Fourth, the theory shows that self-avoidance is a singu-
lar perturbation: the limit w → 0 does not correspond
to ideal fluctuations. Fifth, the system exhibits a phase
transition: there is a critical end-to-end distance below
which the conformations of the polymer change qualita-
tively.
Mapping to random-walk model. We model the poly-
mer as a freely jointed chain of N units with excluded vol-
ume v and Kuhn length `K, confined to a channel (cross
section D2) that extends in the z-direction. For D  `K
the macroscopic fluctuations of a dilute polymer depend
on the microscopic details of the model only through N ,
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2v, and `K [23]. In this case it suffices to analyse a freely
jointed chain of spherical beads of diameter a, excluded
volume v = 4pia3/3, connected by ideal rods of length `K.
We now show that the statistics of the z-components can
be mapped to a random-walk model. The z-coordinates
of an ideal polymer (a = 0, v = 0) obey the statistics of a
simple random walk with independent steps of mean zero
and variance σ20 = `
2
K/3. To obtain a statistically correct
ensemble P ({zn}) for the z-coordinates of a self-avoiding
polymer, one generates an ensemble Pideal({zn}) of ideal
polymers, and removes all configurations with overlaps:
P ({zn}) ∝ Pideal({zn})A({zn}) . (1)
Here the acceptance function A({zn}) is the fraction of
ideal configurations that are free of overlaps. It is in gen-
eral a complicated object, yet if the excluded volume v
is small enough, it becomes quite simple. In this limit,
most collisions occur between monomers with a contour
separation |n−m| that is so large that the x- and y-
coordinates of the two monomers are independent of each
other. Their collision probability is simply proportional
to the probability that their z-coordinates are close to
each other. Since the collision probability only depends
on the return probability of the z-coordinate, the prob-
lem is effectively one-dimensional. Now imagine dividing
the z-axis into bins of size , where a  `K. For two
monomers to collide, their z-coordinates must lie in the
same bin. Supposing that they do, we write the proba-
bility for the monomers to collide as 2η/, the constant
of proportionality η is discussed below. Assuming that
η/ 1 the factor A({zn}) in Eq. (1) can be written as
A({zn}) =
∏
1≤n<m≤N
zn=zm
(1−2η/)=exp
[
− 2η

∑
1≤n<m≤N
δ()zn,zm
]
. (2)
Here δ
()
zn,zm is unity if zn and zm fall into the same bin,
and zero otherwise.
The problem of describing the conformations of the
confined polymer is thus mapped to that of a random
walk on Z, consisting of N steps with variance σ20/2.
Each time two steps land on the same integer, the walk
incurs a ‘penalty’ of 2η/. This problem is known as
the weakly self-avoiding random walk or the Domb-Joyce
model in one dimension [22]. It remains to establish
the range of validity of our assumptions. Provided that
D  `K, the x- and y-coordinates of two monomers of
an ideal polymer are all statistically independent of each
other if their contour separation |n−m| exceeds D2/`2K
[24]. For our mapping to be valid most collisions must
occur between monomers beyond this separation. This
requires that an ideal blob of k = D2/`2K monomers is
free of collisions. We estimate that this is the case pro-
vided k2v/(k`2K)
3/2  1, in other words Dv/`4K  1. We
now show that these conditions correspond precisely to
the extended de Gennes regime for a self-avoiding worm-
like chain of width w and persistence length `P. Such
a polymer has a Kuhn length of `K = 2`P and an ex-
cluded volume that can be estimated by that of a cylin-
der [25]: v = (pi/2)`2Kw (assuming w  `K). In summary
our mapping is valid in the extended de Gennes regime
`K  D  `2K/w.
Finally we derive an explicit expression for η in Eq. (2).
Consider two monomers with z-coordinates in the same
bin. For a long polymer the monomers are typically
not close to either of the ends of the polymer. In
this case and provided that D  `K, the probability
that the monomers collide is determined by the equilib-
rium density [24] of the x- and y-coordinates ρ(x, y) =
(2/D)2 sin2(pix/D) sin2(piy/D) in a square channel of
width D:
η = v/2
∫ D
0
dx dy ρ2(x, y) =
9
8
v
D2
. (3)
This equation shows how the parameter η depends on
the channel width D and, through the excluded volume
v, on the microscopic parameters of the polymer.
Exact results for the extended de Gennes regime. The
mapping to a one-dimensional random-walk problem is
the main result of this Letter. It is significant because
exact asymptotic solutions have been obtained for this
model in the limit of small η. These results allow us
to rigorously analyse the statistical properties of a self-
avoiding polymer confined to a channel, provided that
η/σ0  1. Eq. (3) shows that this condition is met in
the extended de Gennes regime. In this case a scaling re-
lation holds for the one-dimensional weakly self-avoiding
random walk [22], derived from the invariance of Pideal
under z → αz and n→ α2n, and the form (2) of A. For
the confined polymer, this relation implies that plotting
results in terms of the scaled variables
n′ = n (η/σ0)2/3 and z′ = (z/σ0) (η/σ0)1/3 (4)
must give rise to universal laws. But much more can be
deduced. In the limit of large N the random-walk model
admits an exact asymptotic solution that can be obtained
by large-deviation theory [22, 26, 27]. This fact has im-
portant implications for the physics of confined polymers.
Many remain to be worked out, but in the following we
show what the exact solution tells us about a number of
important questions concerning confined polymers in the
extended de Gennes regime.
Extension. The distribution of the extension Rz =
maxi zi −mini zi of the polymer in the channel acquires
a large-deviation form in the limit of large N
P (Rz) ∼ exp[−NS(Rz/(Nσ0), η/σ0)] . (5)
Eq. (4) implies that the ‘action’ S obeys the scaling law
S
( Rz
Nσ0
,
η
σ0
)
=
( η
σ0
)2/3
J
[( η
σ0
)−1/3 Rz
Nσ0
]
, (6)
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FIG. 1: (color online). a Distribution P (Rz) of the exten-
sion Rz for D/`K = 4, a/`K = 0.14 (◦), a/`K = 0.22 (4). b
Same distributions plotted as a function of the scaled vari-
able Rz/[N(ησ
2
0)
1/3], Eqs. (5) and (6). Also shown is the
asymptotic exact solution J(b) (solid line, see text) as well as
a Gaussian approximation (dashed line). c Scaling prediction
for the mean extension [Eq. (7)], shaded grey area. Its width
corresponds to the uncertainty of the coefficient b∗ given in
the text below Eq. (8). Also shown are results of Monte-
Carlo simulations (symbols) for D/`K = 4, a/`K = 0.14 (◦),
0.17 (♦), 0.20 (), 0.22 (4) and D/`K = 6, a/`K = 0.14 (+),
0.17 (×), 0.20 (∗). d Standard deviation of the extension dis-
tribution from simulations (symbols), compared to Eq. (8),
shaded grey area. The dotted line indicates the variance of
the corresponding ideal polymer. e Skewness of the extension
distribution from simulations (symbols) and theory (9, solid
line). f Illustrates a conformation that satisfies the bridge
condition (top) and a conformation that does not (bottom).
See text.
where J(b) is a scaling function. To compare the scaling
predictions (5) and (6) to numerical results we have per-
formed Monte Carlo simulations for a freely jointed chain
of spherical monomers of diameter a, with excluded vol-
ume v = 4pia3/3. To determine its conformations when
confined to a channel we used the Metropolis algorithm
with crankshaft trial updates [28] and performed simula-
tions for D = 4`K and D = 6`K. The inequality `K  D
is only weakly satisfied. In order to nevertheless obtain
a good estimate for η we used a numerical solution for
the equilibrium density ρ(x, y) of the ideal freely jointed
chain. We measured the distribution of Rz. It is shown in
panel a of Fig. 1 as a function of Rz for two different sets
of parameters. Panel b shows that the data collapse upon
scaling x- and y-axis according to (6). We computed the
universal scaling function, J(b), by numerical solution of
an eigenvalue problem (Eq. (3.49) in Ref. [27] and Eq.
(0.15) in Ref. [29]). The result is shown in Fig. 1b as a
solid line. We observe excellent agreement far into the
non-Gaussian tails of the distribution.
The function J(b) determines the statistical properties
of the extension. The location b∗ of the minimum of J
gives the mean µRz of Rz, and the curvature 1/c
∗2 at
this point yields the corresponding variance σ2Rz :
µRz/N = b
∗σ2/30 η
1/3 , (7)
σRz/
√
N = c∗σ0 . (8)
The third derivative of J at b∗ determines the sknewness
γRz of the distribution:
γRz
√
N = d∗(η/σ0)−1/3 , (9)
showing that P (Rz) is not Gaussian. Rigorous bounds
for the universal parameters b∗ and c∗ were obtained in
Refs. [22, 26]: 1.104 ≤ b∗ ≤ 1.124, and 0.60 ≤ c∗ ≤ 0.66.
From our numerical solution for J(b) we find d∗ = 0.83.
For a self-avoiding worm-like chain Eqs. (7) to (9) yield:
µRz/L = 0.9338(84)
(
`Kw/D
2
)1/3
, (10)
σRz/(L`K)
1/2 = 0.364(17) , (11)
γRz (L/`K)
1/2 = 0.57
(
`Kw/D
2
)−1/3
(12)
Eq. (10) implies that the Flory mean-field arguments of
Refs. [9, 11, 17] give the exact scaling exponent in the
extended de Gennes regime. For an uncofined polymer,
by contrast, Flory’s mean-field theory does not give the
exact exponent. Recent simulations by Dai et al. [13]
measure the extension of a freely jointed chain with cylin-
drical monomers in a channel. Their results are consis-
tent with the power laws in Eqs. (10) and (11), but with
numerical prefactors 0.84 and 0.37, respectively. The dis-
crepancy for the extension is probably due to the fact
that `K  D holds only approximately for some of the
channels used, resulting in a correction to Eq. (3).
End-to-end distance. The distribution P (rz) of the
end-to-end distance rz = |z1 − zN | is in general differ-
ent from the distribution of the extension, and this dif-
ference reveals interesting physics. P (rz) is of the form
(5,6) save for a different scaling function I(b) that re-
places J(b). Let is discuss similarities and differences
between these scaling functions. First, one finds that
the locations of the minima of I and J and the curva-
tures at this point are identical. This reflects the fact
that the mean and variance of the end-to-end distance
and the extension must agree for very long chains that
only sample the Gaussian part of the distribution. Sec-
ond, it follows from large-deviation theory that the right
tails of the distributions of the extension and the end-to-
end distance are dominated by conformations that fulfil
4the so-called ‘bridge condition’ rz = Rz. An example
is given in Fig. 1f. Third, the small-b behaviour of I
and J differ substantially. I(b) is linear in b when b is
smaller than a critical value b∗∗ = 0.85 [30]. This implies
that the free energy in the extended de Gennes regime
is a linear function of the end-to-end distance rz when
rz < r
∗∗
z . Imagine compressing an extended conforma-
tion (top conformation in Fig. 1f) by bringing the ends
closer together. At first the bridge condition remains sat-
ified as work is performed against the entropic restoring
force. But there is a critical value r∗∗z where it becomes
advantageous for the polymer to make a U-turn as shown
in Fig. 1f, bottom. From this point on the restoring force
is independent of rz implying infinite compressibility.
Finite-size effects. The conformational fluctuations
within a polymer globule that is confined to a channel
differ in the bulk and at either boundaries of the glob-
ule. But it is not known how large the boundary re-
gion is, neither how important these finite-size effects are.
In the extended de Gennes regime the mapping to the
random-walk model allows us to answer this question by
examining the distribution of the steps δzn = zn+1 − zn
of the random walk that the z-coordinates of the poly-
mer perform in the channel. The random walk is bi-
ased because the monomers share a tendency to step in
the same direction – for a given realisation. The bias
〈δzn〉c ≡ 〈δzn sgn(zN − z1)〉 (where sgn(x) is the signum
function) is shown in Fig. 2a. Fig. 2b demonstrates that
all data points collapse to a universal curve when rescaled
according to Eq. (4). Far from either end the bias must
approach the bulk prediction (7). Fig. 2b shows that
this is indeed the case. Near the end of the polymer the
bias is smaller. For shorter polymers this end effect may
give rise to significant finite-size scaling corrections. The
bias also implies that the right (left) end of the polymer
is most likely close to the right (left) boundary of the
globule in the channel. This fact together with Eq. (4)
allows us to estimate the contour length that lies in the
boundary region of the globule:
∆L = 1.4 (D4`K/w
2)1/3 . (13)
The factor 1.4 is an estimate based on the location of the
vertical dashed line in Fig. 2b.
Singular limit. As the strength of the self-avoidance
tends to zero the fluctuations of rz remain distinctly
smaller than those of an ideal polymer. This gives
rise to a universal ‘correlation hole’ in the correlation
C(n,m) = (〈δznδzm〉c − 〈δzn〉c〈δzm〉c)/σ20 , since σ2rz =
σ20
∑N
n,m=1 C(n,m). Fig. 2c shows this correlation func-
tion. Fig. 2d shows the rescaled version exhibiting the
universal correlation hole.
Outside the extended de Gennes regime. How does the
theory break down as the assumptions `K  D  `4K/v
are violated? What happens as D approaches `K, for a
worm-like chain such as DNA? The mapping to a one-
dimensional model must still hold, yet the calculation
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FIG. 2: (color online). a Bias (see text) as a function of
monomer number. b Data in the left half of panel a, rescaled
to show the universality of the shape. Shaded grey area: pre-
diction from Eq. (7). The vertical dashed line indicates the
boundary between the end and the bulk regions of the poly-
mer globule. c The correlation function C(n,m) (defined in
the text) averaged over n,m in the interior of the polymer
(the plateau of panel a). d The rescaled correlation func-
tion, showing the universal ‘correlation hole’. In both pan-
els, blue (green) lines correspond to D = 4`K (D = 6`K).
In order of increasing η, the monomer diameter is given by
a/`K = 0.14, 0.17 (green); 0.14, 0.17, 0.20 (blue).
of the parameters of the weakly self-avoiding random
walk must be modified in two ways. The polymer tends
to align with the channel direction and is less prone to
switch direction [6]. This increases the step size and vari-
ance of the ideal random walk. In addition, the probabil-
ity of collisions is no longer simply given by the solution
to a diffusion equation, but requires a more complicated
calculation involving the monomer orientation. If on the
other hand the assumption D  `4K/v is violated, then
the situation is more complicated. Eq. (1) still holds, but
collisions between nearby monomers (|m− n| < D2/`2K)
have a profound influence on the conformations, so that
Eq. (2) breaks down.
Polymers confined to slits. It has been suggested that
an extended de Gennes regime may exist also for poly-
mers confined to a slit, provided that the slit height h
obeys `K  h `2K/w [31, 32]. A mapping similar to the
one presented here shows that such a regime must exist,
described by a weakly self-avoiding walk in two dimen-
sions. While no rigorous results have as yet been derived
for this model, it is certainly easier to analyse than the
three-dimensional polymer, and can be simulated much
more efficiently.
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